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Some properties of geodesics in the large in a 
two-dimensional Riemannian manifold 
with positive curvature 


By 
Yosio MUTO 


Introduction 
An n-dimensional complete Riemannian manifold Mx (m =2) of class C#+1 
(3S a@ So) and with a positive-definite fundamental tensor gjz (7, R=1, 2.-, 2) 
of class C” will be said to satisfy Hypothesis A if its sectional curvature 
K(P, y) for any point P and for any two-dimensional plane direction y through 
this point satisfies 


(1) 0<L<K(P,y)<aA 

where Z and H are positive constants. It may be better to write down the 
expression of K (P, y) to avoid any misunderstanding. Let { i} be the 
Christoffel symbols formed with gjz and Ri, the curvature tensor of Mr , 


: Of: Of: 
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then K (P, y) is given by definition as 

(2) RK(P,y)=—Rijkt uiviuko' , 

where the vectors (4) and (v) are perpendicular to each other and have unit 
length, lying in the direction y. 

It is already known that such a manifold M* is compact”, and H. E. 
Rauch discovered a valuable property that, if L/H is not lss than a number 
h near 3/4, the universal covering space of M™ is homeomorphic to the 2- 
dimensional sphere S” (Rauch). 

The present author will report on some properties in the large of Mr” 
satisfying A in another paper?). Some theorems concerning geodesics are 
cited without proof in the following. 

Theorem 1. Assume A and further that M” has a geodesic loop?) of arc 
length <2l or has a pair of points P,Q which can be joined by two (or 


_ 1) See references, Hopf and Rinow, Myers. 


2) to be published later. 
3) A geodesic loop is a geodesic arc whose initial point coincides with the final 


point. 
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more) geodesic arcs of length <1 where | does not exceed 7/\/ H , then M*® 
has a closed geodesic of arc length 221. 

Theorem 2. Let n be even and assume A. If M™ is orientable or if any 
closed curve in M*" with arc length<27/)/ H is contractible to a point, M* 
has no pair of points P, Q which can be joined by two geodesic arcs of length 
s7//H . 

Theorem 3. Assume A and consider geodesic polar ebirr (p, s) with 
a point P as the pole. Let yr be the mapping of Sx I(r) into Mr that 
makes co: respond a set of numbers (p, s) belonging to x I (r) to the point 
in M" with coordinates (p, s). Then the value ro of r at which Wr ceases to 
be a homeomorphism (into) satisfies the inequality rn >7/;/ H or else the 
image Di (m)=Vr,(xI(%)) has a singular boundary C1(ro) which touches 
itself and whose singularity ts solely due to such touching. 

Some explanation may be necessary. 3S) means an (#—1)-dimensional 
unit sphere whose point p determines the direction of a geodesic issuing from 
P. I(r) is a segment 0<s<r where s means the arc length of a geodesic 
arc from P when mapped into M”. Although S}xJ(7) is a topological pro- 
duct, identification is made for all points (f, 0) obtaining a solid sphere (#- 
disk) of radius 7. D% (vr) is an n-disk if Yr is a homeomorphism and its 
boundary C%-1(r) is the locus of points whose geodesic distance from P is 7. 

From Theorem 3 we know that, if Y, is not a homeomorphism for some 
value of 7 not more than 7/ VY H , M*” has a geodesic loop with arc length 
227// H , for we can draw two geodesic arcs joining P to a point of 
contact P’ of C4-1 (7) (with itself) and these two geodesic arcs make an 
angle 7 at P’. Thus we get the 

Corollary. Assume A and further that M" has no geodesic loop of arc 
length <27/,/H. Then the mapping , is a homeomorphism for rs 
TH . 


21. Some general theorems 


Now we turn to the case m=2 and assume B: M? is homeomorphic to a 
two-dimensional sphere S*, Then the following theorems will be easily derived 
from the preceding ones, for in this case ordinary Gaussian curvature K is 
just the sectional curvature. 

Theorem 4. Assume A and B. Then any geodesic loop in M2 has arc 
length>27/\/ H . 

Corollary. Let m be the minimum point locus with respect to a point P 
in an M? satisfying A and B. Then no point in m can be joined to P by a 
geodesic arc with length 7/\/ H . 

The preceding theorems hold for any value of L/H. It is known that a 


™ 
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geodesic arc with length=7/,/ [has at least one conjugate point of any 
one of its end points on the arc [Blaschke]. As we have only inequality signs 
in (1), this means that a geodesic arc with length > 7/ yY L can not be the 
shortest curve joining its end points among curves near the geodesic. If we 
have 24/ LT =) A, a geodesic loop has arc length > 7/ Y L . for its arc 
length exceeds 277/,/"H_ . Hence we have 

Theorem 5. Assume A and B and further 2 VLZYVH. Then any 


geodesic loop can not be the shortest loop among loops near the geodesic loop 
in the fixed end point problem. 


22. Properties of a simple geodesic loop 


A. Preliminary remarks 


Let us consider a geodesic loop g beginning and ending at P. P will be 
called the vertex of y. We can draw two tangents at P, one for the beginning 
part avd the other for the final part of g. Then the angle between these 
tangents will be called the vertical angle of g. g is said to be simple when 
the closed curve g has no singular point (double point or the like) other than 
P. In the present section we shall at first consider a relation between the 
vertical angle of a simple geodesic loop and the number L/H in an Mz 
Satisfying A and B. 

Let us denote by L, a simple geodesic loop with Py as vertex. Its vertical 
angle will be denoted by a» which is taken to be less than 7, for we exclude. 
closed geodesics for the moment. JL) being simple it will divide M? into two 
regions. We call the one in which the vertical angle @ (<7) was measured 
the inner one, Jp. ‘ 

At each point of ZL) we draw a geodesic arc of fixed arc length x and 
directed orthogonally to the inner side of Z). Its end point lies on a smooth 
arc L’,x as long as x remains small, but this locus has one singular point Px 
near Py). Px is a double point and we get a simple loop Li L’x beginning 
and ending at P,. Ls+ divides M? into two regions. The one J; which is 
obtained continuously from J) is contained in J). Although Ls is not a 
geodesic loop we get the vertical angle a«(%) which is measured in Iz, is a 


-contiuous function of x and coincides with ao when x tends to zero. 


Now we take two consecutive points Q,, Q, on Ly, not so near to Po. Let 
the geodesic arcs Q, R, and Q, Rz be the ones just mentioned above, hence 
they are orthogonal to Ly at Q, and ©2 respectively.. Besides, they are 
orthogonal to Lz at R, and R; respectively, for they have the same arc length 
x. Hence the curved quadrilateral Q, Q, R, R; has four rectangular vertices 
and three geodesic sides. Applying Gauss-Bonnet’s theorem for this quadrilat- 
eral with infinitesimal sides Q, Q2 and FR; Rs, we get 
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(Kas=kR, Rs, 


where « is the curvature of Lx at R;, taken positive when its concave side 
lies in J, If we denote by 4A the area inside the quadrilateral and use (1) 
‘we get 


(3) a 


Now Q, R; and Q; R2 are two consecutive geodesics parallel at Q; (and 
Q.). If we put R, R2=Q, Q2-(x), 7 satisfies the wellknown differential 
equation 


nl! (4)+K (4) n (x)=9, < 


where K(x) is the curvature of M2 at R,. As K(x) satisfies (1) and 7 
satisfies the initial condition 7(0)=1, 7’ (0)=0, we get 


(4) 0S Q2 co8 G/ A 4) < Ri R2< QQ: 008 G/L DD 


for0<*S7/(2)/ H ). The inequalities (3) and (4) explain that « is 
positive and bounded for 0<*<7/(2,/ H). Hence for small positive value 
of x Lx is a smooth closed curve concave toward J, except the only singular 
point Px. 

In order to examine the behavior of a (%), we take on the arc Z) a point 
T, (x) in the beginning part and a point T2(%) in the final part such that 
the geodesic arcs 7; (x) Px and Tz(4) Px, both of length x<7/(2)/q ), 
are perpendicular to Lo at 7,(*%) and 7,(%*) respectively. For sufficiently 
small positive x, 7,(*) and 7,(x) are determined uniquely by x The 
quadrilateral Po 7, (x) Px T2(x) has geodesic sides and two rectangular 
vertices 7, (x) and 7,(x%). Its vertical angle at Px is w—a(x) for the arcs 
T, (*) Px and T,(«) Px are perpendicular at Ps to thé beginning part and 
the final part of Lz respectively. Applying Gauss-Bonnet’s theorem we get 


si tec eel is 


where the integral is made over the interior of the quadrilateral. K being 
positive this shows that a(x) is a decreasing function. 

All above was considered for small positive value of x. If x increases 
such consideration may fail, which will occur whether because (a) x exceeds 
1/(2,/ H ), (b) Lx fails to be a simple loop, or (c) @ (%) reaches zero. 


~ 4) Some of the readers may feel convenient to find proof of this Press ait: and 
related ones in the appendix of this paper. 
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The previous consideration using (3) and (4) tells us that even if (b) 
occurs Ls still remains a smooth curve ( possibly with a double point or the 
like) for *< m/(2)/ H ). If (b) occurs at x=x! before (a) or (c), Jx being a 
decreasing point set until (b) occurs, we see that L,, touches itself or else 
an intermediate point of Ls, coincides with the end point. But the former is 
impossible because Lx for 0<*«<.«x’ is concave toward J,, and the latter 
because a@(*)< 7m. (c) can not occur first, for a@(x)=0 means that the 
beginning part of Lx touches the final part at Pr, while Lz is concave toward 
I,. Thus (a) occurs first and we see that the former consideration holds for 
0<4*57/(2/ 4). 


B. The angle a(x) 


Now we can examine the behavior of a (x) for 0<4“57/(21\/q ). For 
this purpose we take two consecutive values of x x and x+dx, and the cor- 
responding points P (x), P (x+dx), T; (x), T (x+dx), Ts (x), T2 (x+dx), where 
P(x) means Py. In the following i means 1 or 2. We draw a perpendicular 
line P(%) Ni (x) from P(x) to the geodesic arc 7; (x+dx) P(x+dx) and de- 
note Po 7; ()=y7i (DO, P(x) Ni (XD) =n: (x) y'i (x) dx, where T; (x) Ti (4+dx)= 
yi (x) dx. Moreover we draw a perpendicular line U; V; to T; (*x+dx) P Cx 
+dx) from a point U; on T; (x) P (x) and its length will be denoted by U; Vi 
=mni (x,t) y'i (x) dx, where ¢ means the length of 7; (x) Ui. As Ti; (x) P(x) is 
perpendicular to Ly, ni (x,t) satisfies 


2 ni 


sD 0 


0 
+Kni=0, Ni (x, 0)=1, or (x, 0)=0, 


for we can use the equation for geodesic deviation. Besides, we get i (x, x)= 
ni (%). 

As the set of equations (5) is just of the type mentioned previously, we 
get [see appendix] 


(6) cos (;/ H t) <7; (,t)<cosG/ LY) 
and also 
(7) cos (5/ H x) <i (*%)<cos()/ LT DD 


for 0<t<x<7/(2/H)- 
We use again Gauss-Bonnet’s theorem for the hexagon P(x) T; (*) 
T, (x+dx) P (x+dx) Tz (%+dx) Tz (4%) having geodesic sides and get 


a (x+dx)—a (*)=a! (x) dx=—\K ds, 


where the integral is taken over the hexagon. But as we can drop the highly 
small part inside P(x) N, (x) P (x+dx) N2(x), we get 
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(8) —H (S,+S2) < a! dx <—L (S,+S2) 
where S; is the area of the tetragon 7; (x) T; (x+dx) Ni(x)P(@). As Si is 
an integral 


S;=y9;' ds ni (x, t) dt 
we get from (6) an inequality 
Sr sin(4/ H *) yj dx<Si< rE sin(,/ L x) yj dx 


and (8) becomes 


(9) sin E DY < F< wae sin()/H 9, 


where y means (49;+32)/2. 

Comparing the infinitesimal triangles P(x) NM, (x) P(x+dx) and 
P (x) N2 (x) P (x+dx) we observe that the locus of Px bisects the angle a (%), 
and we get 


tan = ty mm N=N2I2 » 
2 Ni Yi 
from which, 
a 2 
tan—— => ーー 
2 mI+NI, 
Then (7) gives 
id a 1 
y’ cos(4/ Tw < ted 2 < y' cos(,/ H x)’ 
hence 
F cot(a/2) 
y > cosG/ L x)" 
This inequality and (9) give 
VE sinG/ H *) HS) 
(10) <- ーー co 
Tir Voy VA cos(/ L *) eR ‘ 


for a/2,,/ H * and j/ L x lie between 0 and 1/2. 


C. An inequality for the vertical angle 
Now let us take a function p(x) such that 


(11) r= 


and 
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LL _ sin(i/ qx) 
ie , ee See 
(12) gp! (x) oT es) ZA 


then gis a decreasing function for 0<*<7/ (21/ H ) because of p (0) < 7/2 
as long as @ remains positive. Besides, if @ a&/2 holds, we have g! > a'/2 
because of (10), (12) and cot p<cot (a@/2). From this fact-and (11) we get 
p(x) >a(x)/2 for 0<*<7/(2H), for a/2 remains between 0 and 7/2, 
Hence g(x) can not vanish for x between 0 and 7/ (2)/ HT). 

But if a is too small g(x) vanishes at x=x, where XH S7/2/ HA). 
For we get from (12) 

lt ps sine’ DD 
| toe cos e| = ear ee SEY Fo" oan dx, 


and, as by definition g(%) vanishes, we get 


ao ZL ¢* sin,/ H x) 
—log cos — = —=— J d. 
2 V/V H | 0 cos(;/ ん) es 


This means that ap must satisfy an inequality 


(13) —log cos > < sin @ 


2 0 cos A Ee 


Theorem 6. Assume A and B. Then the vertical angle ao of a simple 
geodesic loop satisfies the inequality (13). 
For example, if we put L=H—e, (13) becomes 


ogc ao H—e = eee SU Sh 
2 9 cos 


cos (0) 


and, as the integral tends to infinite as e tends to zero, we get ay>7. 
For another example, we put 2,;/ ZL =)/ H. Then (13) becomes 


i by cto. 0 sug ty sird 
oar - > 2 | cos (6/2) d6=1— ーー 


hence we get 
ao > 1.457. 


D. An inequality for the arc length of a simple closed geodesic 


It was already proved that the arc length of a geodesic loop exceeds 
2n/\/ H. We can obtain an inequality which bounds the length of a simple 


- closed geodesic. 


We consider first a simple geadesic loop and put 7/(2);/ H )=%*,, denot- 
ing the point P(x) for x=%, as P,. The intersections of Ls with the geodesic 
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arcs 7,(x,) P, and 7.(%,) P, respectively, where 7; and J, have the same 
meaning as given previously, are named M(x) and Mx(%), while the part of 
the arc Ls+ which remains after erasing P(x) M,(x) and P(x) M(x) will be 
denoted by L*(x), whose length by /*(x). Then the integral of curvature x 
along L*(x) 


(14) \xds=O(x) 


is related to /*(x) by 


dl* al*(x) _ 
dx 
Consider an arc L*(x+dx) near L*(x) and make a curved quadrilateral 
M,(x) Mx) M(x+dx) M,(x+dx) with short geodesic sides, M(x) M2(x+dx) 
and M,(x+dx) M,(x), and long curved sides, L*(%) and L*(x+dx). Its 
vertices are rectangular, and applying Gauss-Bonnet’s theorem we get 


(15) —O(x). 


6(x)—O(x+dx)+dx\ Kds=0, 


where the integral is taken along the arc L*(x). Because of (1) we get 


(16) L(x) < & < HR. 
(15) and (16) give 
er 
ae ーー < 
xd d2 1* 
2 
EI* 
de >—HI!I 
while the initial condition is 
ar eae 
zs — te R=. 


for x=0, for, Ly) being a geodesic, we know 9(0)=0. The differential ine- 
qualities (17) together with the initial condition show [see appendix 2] 


icos(4/ H *) <1*(x) < I} cos(y/ LD YD 
for x <7/(2)/ H ). Then (16) gives 


Lis cos <, 
and, integrating this, we get 
L ? 28 
PE a Hsin H *)<O(x). 


Now we apply Gauss-Bonnet’s theorem for L(x,) and obtain 
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\ KdS-+0(m) +07 —am)=20 ; 


Then we get 9(x,) < 27 because of a<7,K> 0, hence 


eee 

VY H 
This was proved for simple geodesic loops, not for simple closed geodesics. 
But we can follow an almost similar and rather simpler treatment for a 
simple closed geodesic and get the same inequality. Thus we get the 


Theorem 7. Assume A and B. Then the arc length ly of a simple closed 
geodesic in M? satisfies the inequality 


Ii <2. 


27T H 
Lp RAEN 
Appendix 1 


First we compare the solutions of the differential equations for an argu- 
ment s, 


n''+Kn=0, €’+HE=0, 
with the initial conditions 
n(0)=C(0)=9, 7/(0)=6"(0)=1, 
where K(s) satisfies (1), that is, 0< L< K(s)<H. H being a positive con- 
stant, we have 


1 
We prove that 7 >¢ for0<s<7/j/H. 

If this is not true we must have a number s),0<s)<7/,/ H , for which 
n(S)=f(s)) > 0 while n(s) >&(s) for 0<s< %, for we have surely 7 >€ for 
sufficiently small positive s. But then we can find a small positive constant 
a such that 0<an(s) <&(s) for O0<s<s, and the greatest of such @ is 
denoted by ay. a Satisfies 0< a, n(s) <6 (s) for 0< s<5o, but as aq is less 
than 1 we have aj, 7(s)) < €(s)). Hence for some value of s between 0 and 59, 
S=s,, we must have a n(s,)=(s,), for, otherwise we would have an a greater 
than a. Moreover we get a 7'(s:)=€'(s,) from an{s) 2 &(s). As the starting 
differential equations are of linear type, we get ayn!/=—Kayn > —HE="' at 
s=s,, hence an > for some value of s near s,. Contradiction occurs and the 


statement is true. ; 
We next compare the solutions of the differential equations 


sin(,/ Hs). 


aes +Kn=0, E+LE=0, 
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with the initial conditions 
n(0)=E(0)=0, 7/(0)=E'(0) = 1, 
where K(s) satisfies 0< L< K(s)<.H. We have 


ts a sin(y/ エ Ss) 


and we prove that 7 ヵ <& for any interval 0<s<s6<7T7/y/ L for which 7 
remains positive. Of course we have sj > 7/1/ ae 

If this is not true we must have a number 5, 0 < s)<sg, for which 7(so) 
=£&(s)), while »(s) < &(s) for 0 < s <p, for we have surely 7 < & for sufficiently 
small positive s. We consider a set of all positive numbers {a} for which 
n (s)=a&(s) for 0<s<s). For the greatest number of this set, we get 
n(sy)=aké(s1), n/(s,)=aé'(s,) for some number s; between 0 and sp. Then we 
get 7"(s}) < aé!’(s,), hence n(s) < aé&(s) for some interval near s;. This con- 
tradicts the starting assumption and the statement is true. 

Now we compare the solutions of the differential equations 


n''+Kn=0, €"+AE=0, 
with the initial conditions 
nO)=FC0)=1, (0) =67(0) =0. 
We verify that » >¢€ for 0<s</(2)/ 7 ), while [=cos(j/ Hs). 
If this is not true we have again a number %, 0< sy) <7/(2\/ HW ), such 


that (s9)=€(sp), while » >€ for 0<s<, for we have surely 7 >¢ for 
sufficiently small positive s. We consider a set of positive numbers {a} for 
which an < € for O<s<s. Further consideration will follow as just above 
and we arrive at contradiction. 

If we compare the solutions of 


n'+Kn=0, £"4+LE=0 
for 
nO)=EO)=1, 7/(0)=E'(0)=0, 
we get n<& for 0<s<7/(2)/ H ), while E=cos(j/ Ls). Its proof is 
obtained by changing the foregoing proof a little. 


We can extend the interval0 < s< 7/(2\/ H ) to0<s<7/(Q)/ EH ) be- 
cause of the absence of equality signs in (1). 


Appendix 2 


Let us compare a function »(s) of class C2 satisfying a differential 
inequality 


nl! > —Hn 
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and the initial condition »(0)=0, »/(0)=1, with €(s)=sin (4/ A s) /\/ HH» which 
is the solution of 


Gi ie te in tc (0)s1,, 
If we put 


v(s)=n(s)—f(s) 
we get 
v''(s) > —Hv, v(0)=v'(0)=0, 


and we know that v>0 for sufficiently small positive s. Hence there isa 
positive number so such that we have v >0 for O0<s<s). If we have v(so) 
=0, v has the first maximum at s=s, and the last maximum at s=S), 0< si 
<s_< sc, which may coincide. Put v(s,.)=m, and v(s2)=m. Then we get 


vo’ > —Hv> — Hm, 
for 0<s<s,, hence by integration 

v'(s,)—v! (s) > —Hmy (s,—s). 
v'(s,) being zero, we get 

US; STE SD 


hence 

m—v(s)< = Hm, (s,—s)? 
for O<s<s;. This gives 

v(s) > Mi a aH (as |, 
while we have v(0)=0, hence 


o> my) 1— 5-H | 


that is, 
fe 
eo, 
s oc ae 
I> A 
Almost the same consideration gives 
2 
—Ss ae 
So—So > if H 
and we get 


S> 2/2 //H.- 
This proves the validity of 

n>sinG/ A 5)/)/ A 
for 0<s<7/(2/ FE). 
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A similar argument shows that 7(s) of class C2 satisfying 
mn! —— In ’ (0)=0 ’ (0)==1 
satisfies 
< Sin (DS PE 
for 0<s<2)/2 /\/ L, hence for 0<s<7/(2)/ q ), if we have H>L. 
Similarly we get 
n> cos(/ H s) 
for 0<sX7/(2)/ HH ) if 7 is a solution of 
n" >—Hn, (0)=1, 7/(0)=0, 
and ‘a 
n<cos(,/ ZL Ss) 
for 0<sX7/(2)/ BH ) if » is a solution of 
n’<—Lyn, n@=1, 7'(0)=0, 
and H>L. 


References 


W. Blaschke: Vorlesungen uber Differentialgeometrie I, 1930. 

H. Hopf and W. Riaow: Uber den Begriff der vollstandigen differentialgeometrischen 
Flachen, Comment. Math. Helv., 3 (1931), 209-225. 

Y. Muto: to be published later. 

S. B. Myers: Riemannian manifolds in the large, Duke Math. Journ. 1 (1935), 39-49, 

H. E. Rauch: A contribution to differential geometry in the large, Annals of Math., 54 
(1951), 38-55. 

J. L. Synge: On the connectivity of spaces of positive curvature, Quart. Journ. Math. 7 
(1936), 316-320. 


[Science Reports of the Yokohama National University, Sec. I No. 2, 1953] 


Remarks on Groups 
By 
Katsuhiro ONO & Teruo TSUBOI* 


Recently, H. F. Tuan? has obtained the following theorem: 

If a p-group © contains a maximal normal abelian subgroup % with 
cyclic factor group G/% and if 3 is the centrum of G, and & the commutator 
subgroup of ©, then Y/3Xk. 

This result permits a probable generalization which we wish to remark 
in this paper. 

Let P,Q and R--- be any elements of a given group. We write a com- 


mutator 
P1Q71 PQ=(P,Q)=(Q, P)}. 
So 
(1) Q1PQ=P (P,Q). 
Then we have the following two usefull formulae. 
Lemma. (P, OR)=(P, R) (P,Q) CP, 2, R) 
and PG, Ria) (P, R,Q)(Q, BR), 


where (P, Q, R) represents ((P, Q), PR). 
Proof. This may, of course, be done by direct calculations. By (1), we 


have 
(P, Q) CP, Q, R)=R1(P, Q) R=R PI QL PAR, 
and so the right-hand side of the former equality is equal to 
P-1R-1PR-R-1P-1Q-1 PRQ=P-1 R-1Q-1 POR=(P, OR). 
Again, by (1), 
(P, R) (P, FR, Q)=Q71(P, R) Q=Q1P1R1 PRO, 
and so the right-hand side of the latter is equal to 
| Q-1P-1R-1PRQ- Q-!R-1QR=Q"1 P-1R-1 POR=(PQ,R). 


Theorem. If a group © contains a normal abelian subgroup % with a 
finite cyclic factor group G/%, then we have 


* Saitama University. 
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NU/3 へ NR, 
where 3 is the centrum of and & the commutator subgroup of G. 

Proof. If © is abelian, 3= and R={£}, so the theorem is evidently true. 
(E is the identity of G). So we deal the case & is non-abelian. 

Suppose that the cyclic factor group @/% is generated by a coset US. 
Then every element of © has the form PS‘ (z=0,1,2,:--), where P is an 
element of A and S is fixed. 

Then S is not contained in 3: otherwise, for any two elements PS‘ and 
QSi of G, we would have 


PSiQSiI=QSiPS/, 
and so © would be abelian. 
By using the Lemma, we have 


2) (PS!, QS7)=CPS!, SD CPSi, Q) CPS#, Q, S/) 
=(P, S/) (P, Si, SD (Si, SD (P,Q) (P, Q, SD (Si, Q) CPS, Q, S7) 
=(P, SD (P, SI, S!) (Q, SI (PS!, Q, SF) 
=(P, S/) (Pi, SD CQ, SDI (Q1, SA), 


where, since % is normal in ©, P;=(P,S7) and Q;=(PS', Q) belong to XY. 

On the other hand, we can prove that a commutator (P, Si) (#=1, 2,…) is 
generated by the elements of the form (P,,S), where P, is an element of XY. 

This is proved by induction over 7. The result is true for i=1. Suppose, 
then, that (P,S‘) is already constructed. From the Lemma, we have 
(3) (P, S*)=(P, S) (P, S') (P, IS) 
but (P, Si) is true by the assumption and, since A is normal, (P, Si, S) is also 
in the form (Psg,S), where Ps=(P, S‘) belongs to A. Hence it is true in 
general. 

Therefore, combining (2) and the above result, it follows that the com- 
mutator subgroup ® of © is generated by the elements of the form (P, S) 
with a fixed S, where P is the all varying element of %. 

Now, for these generating elements of , from the Lemma, we have the 
following useful form for our purpose: 


(PQ, S)=(P,S) CP, S, Q) (Q, S) 
=(P,S)(Q,S), 

where P and @ are any two elements of Y%, so (P, S) belongs to A and 
(P,S, Q=E. 

This implies that, for the fixed S, the mapping of an element P of % to 
an element, commutator, (P,S) of & is a homomorphic mapping of % onto &. 

To complete the proof it only remains to show that 3 ~% is the kernel 
of this homomorphic mapping. 
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Suppose that (R,S)=E, where R is an element of %. Then, for any 

element PS! (7=1,2,---) of G, we have 
(R, PS‘)=(R, SD (R, P) CR, P, Si) 
=(R, Si), 

but (R, Si)=E is obtained by using the similar process to that (3), and from 
the assumption (R, S)=E. Thus (R, PSi)=E£, i.e. R is contained in 3. 

Therefore it is clear that 3 ~% will be the kernel, as required. 

Finally we have, from the theorem of homomorphism, 

a M/ZBANHR. 

Remark. In the above theorem, interchanging the condition “@/% is a 
cyclic factor group” with the condition “the index of YX in G (of finite order) 
is relatively prime to the order of 2”, we have the following theorem due to 
H. Zassenhaus,”? 

“YW is the direct product of 37% and RAY, ie. 

JX CED 
i.e. LADS ERS 
which is proved by using the “ Verlagerung”, a homomorphic mapping of © 
into 2. 
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On the Ground State of the Deuteron 


By 


Yoshiro TAKANO 


Itis a very important problem to solve the Schrodinger equation of the 
ground state of the deuteron, and several attempts have been made. We will 
examine Rarita-Schwinger’s theory” and give a mathematical note. 

They put the nuclear potential of the triplet state of the deuteron as 
follows : 


—{lty| 3 Sele) oy -02) |\J (7). 0 


Y Ad 


Accordingly, the Schrodinger equation becomes 


Ue PvtEya—{lto 3 CEO a | wry 2) 


If we consider its radial part, we get the simultaneous differential equations : 


du 
dr2 


2 
Bly eb aM, ST LE+0—2y)J] w=—28 2 pat 


+ EH t= yyw, 
(3) 


dr? r2 
where u(r) and w(r) are, respectively, the radial wave functions of 3S, and 
3D, states. 
Now, we assume that the nuclear potential is a rectangular well, depth 


Vo, range %. Then, outside of range, eqs. (3) are easily solved, and inside 
of range, become as follows: 


CE pu = Nw), 


(4) 
oe 2) (4)}=—D utr) 5 
where 
= C1E|], 
n= C29) WIE, (4’) 
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The fourth order differential equations involving only & or w can be 
derived from eqs. (4): 


dt (uw+v) 72—6 2 アン 
PE = の a | 40. 


dr+ r2 dr? rt (5.1) 


d* | (w+v?)r?—6 G2 24 d (pu? —4) 74§— 6p? r2—36 

drt" r2 aye 13 dr rt |w=0. DY 
These are both the linear differential equations of Fuchs’ type. We calculate 
the indicial equations and obtain the exponents 0, 0, 1, 5 with eq. (5.1), -2, 2, 
3, 3 with eq. (5.2). But, the solution must have a lower order singularity 


1 zo : 
than a at origin. Accordingly, the exponents 0, 0 of eq. (5.1) and corre- 


sponding exponents + 2 of eq. (5.2) are not used. 
Therefore, the differential equations (4) can be solved by the following 
series” : 


Un) =SAnxt*l4log x51 Carns , 
n=0 n=0 
x=r/r. (6) 
w(1)=>Bnxe*3+ log x3) Dyxns, 
n=0 


n=0 
Several constants which appear in the solution are determined by the conti- 
nuity of x and w at r=%7, the continuity of their logarithmic derivatives, the 
normalization condition, and the electric quadrupole moment, for a fixed 7. 
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On the Growth of Snow Flake and Graupel 
By 


Choji Magono 


Abstract 


It is considered that the clumping of snow crystals to form snow flakes 
and the collision of super cooled cloud particles with graupeln are the princi- 
pal mechanisms for the formation of rain drops of the customarily observed 
size. Some measurements show that the fall velocity of large snow flakes is 
larger than that of single snow crystals of the same crystal type as the snow 
flakes, and has scarecely any relation with their sizes. It appears that snow 
flakes do not grow by the mutual collision between snow crystals or by that 
of snow flakes, but by the collision of snow flakes with snow crystals as a 
result of their different velocities of fall. Quantitative estimations for the 
rate of growth of snow flakes by the collision process were made, and it was 
found that a sizeable rain drop may be produced from a snow flake. Some 
considerations for the formation of graupel were made. 


21. Introduction 


Recently, Dr. Houghton” pointed out that neither the Bergeron-Findeisen 
ice crystals process nor the collision of cloud particles of unlike size, acting 
‘alone, is likely to produce rain drops of optimum size, but some combination 
of two processes, such as the clumping of ice crystals to form a snow flake 
or the collision of super-cooled cloud particles with a snow crystal to form 
graupeln is required. But no systematic investigation has been made of the 
accretion of ice crystals. 

It is the main purpose of this paper to investigate, as quantitatively as 
possible, the growth of snow flake and graupel by the accretion process. The 
data requisite for the computations, such as the fall velocity and shape of 
snow flakes, were obtained at Hokkaido University and Mt. Tokachi, and 
some meteorological data obtained by Sapporo Meteorological Observatory, 
which is two kilometers from the university, were also used. 


42. Temperature at which snow flakes begin to grow 


In a not so severely cold climate, snow crystals are very often observed 
to fall as a cluster, called a snow flake, not as individual crystals. It appears 
that the effect of temperature on the formation of*snow flakes is remarkable. 
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Fig. 1 is a plot of the size of snow flakes for air temperature at which snow 
flakes were observed on the ground at Sapporo in December 1950. The size 
of snow flakes is represented by the maximum diameter determined by eye 
observation. In fig. 1, one sees that snow flakes of largest size were observed 


MAXIMUM DIMENSION 
OF SNOW FLAKE IN CM 


LE 0 a -4 sé =o -10 
AIR TEMPERATURE ON THE GROUND IN °C 


Fig. 1 Relation between the size of snow fiakes and air temperature 
at which the snow flakes were observed. 
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Fig. 2 Vertical distribution of air temperature on 9 Dec. when snow flakes were 
observed. 


20 ! C. Magono 


at air temperature about -1°C, and above the freezing temperature, snow 
flakes shrank owing to partial melting, and at lower temperatures than -19°C, 
no snow flakes were observed. It is supposed that snow flakes can not form 
below -10°C. 

On 9 December 1950, a heavy snow fall continued from 9 h to 15 h, and 
falling snow crystals were all clumped to form snow flakes. Most of the 
snow crystals were the plane dendritic or spatial dendritic types, the needle 
type were observed rearely. As the air temperature became higher, cloud 
particles attached to the snow flakes became numerous. Prof. Nakaya and 
his colleagues?) have experimentally ascertained that snow crystals grow to 
dendritic form at temperatures between -14°C and -18°C. The vertical distri- 
bution of the air temperature at 12 h on this day is represented in Aig 2.at 
is supposed that the dendritic crystals observed, would have grown while 


falling from a height of 2400m to 1800 m, and the snow flakes would have 
begun to grow at a height of about 1300 m. 


‘The measurements for the fall velocity of snow flakes used in the paper 
were chiefly carried out on this day. 


23. Fall velocity of snow flakes 
a) Fall velocity of single svow crystals and small snow flakes. 


It is difficult to measure the fall velocity of single snow crystals or small 
snow flakes in a falling state by eye observation. For this reason, the auther 
employed the stroboscopic camera as shown in fig. 3, and observed simulta- 
neously their shapes with their fall velocities. Snow flakes fall into a cylin- 
drical box, when the camera is opened in a time interval. Falling snow 


ee oC A 


flakes are illuminated once per 0.01 sec. within the cylindrical box by diffused — 


light produced by electric discharge. By means of dark field illumination, a 
snow flake is successively photographed. From the magnification of the 
photograph and the interval between two successive images, we can calculate 
the fall velocity of the snow flakes. When the intervals were irregular, the 
author employed their mean value. 

Several stroboscopic photographs of snow crystals and flakes are shown 
in fig. 4 and fig. 5. In these pictures, one sees, in detail, the shape and motion 
of snow crystals or fllakes in a falling state. The fall velocity and shape of 
snow crystals or flakes observed by this method in March 1951, are simulta- 
neously plotted in fig. 6. White marks represent single snow crystals, and 
black marks represent snow flakes. The dimension of the marks is plotted 
proportionally to the practical dimension of snow crystals or flakes. It may 
be seen that the dependency of fall velocities on the sizes is extroadinary at 


a 
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Fig. 3 Apparatus to photograph snow crystals and flakes in falling 
state: Lower figure shows the horizontal section. 


the range of single snow crystals or small snow flakes. The scatter of the 
marks over a wide range may be due to the variety in the shape of snow 
flakes and partially in crystal form. These snow crystals and flakes were all 
associated with cloud particles, in other words, were rimed. The influence of 
the grade of rime on the fall velocity was also remarkable. 

b) Fall velocity of large snow flakes 

The fall velocity of large snow flakes is easily measured by a stop watch 
as previously reported.3) The relation between fall velocity and size of 
relatively large snow flakes is shown in fig. 7. These measurements were 
carried out from 10 h to 14 h 9 December 1950. The black dots show rimed 


4-A x3 
Snow crystals of plane 
type, falling flutter- 
ingly, their planes be- 
ing kept horizontally. 
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Fig. 4 Side views of snow crystals in falling state. 


4-B x2 
A small snow crystal, 
rotating at the rate 90? 
per 0.01 sec. Lower 
right snow flake is 
sliding. 


4-C x3 
A snow crystal 
spatial type. 


of 


4-D x2 
A snow crystal 
thick plate type. 


of 
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Fig. 5 Side views of snow flakes in falling state. 
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Fig. 6 Shape and fall velocity of snow crystals and small snow flakes of 
various sizes observed by photographing. 
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Fig. 7 Fall velocity of large snow flakes of various sizes. 
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snow flakes and white dots show non rimen ones. The flat dots represent 
snow flakes of the tabulate type, and longitudinally long dots represent those 
of the oblate type or the inverted cone type. In fig. 7, one sees the two 
following facts: that if the snow flakes are thus classified into four types, the 


relation between the fall velocity and size are comparatively regular; and the 


fall velocities of snow flakes of sizes larger than 2cm, are almost independent 


of their sizes. 
Sawada” has pointed out that the fe 


proportional to the volume in falling state. 
snow flake receives, while falling, an aerody 
only to the cross section, but to the volume; 
‘to the sum of the resistances which individual snow 


ather like body receives a resistance 

The author supposes that the 
namic resistance proportional not 
in other words proportional 
crystals in the snow 
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flake, receive from the air which passes 
through the snow flake. This aspect 
is schematically shown in fig. 8. 

If the shape of a snow flake is 
spherical, the above mentioned resis- 
tance which the snow flake receives, 
is described by the following formula: 


SNOW FLAKE OF SPHERICAL TYPE 
INDIVIDUAL CRYSTAL 


r= pi (Arr+Brr), 


were R is the total resistance which 
snow flake receives, p the density of air, 
u the fall valocity, 1/2 pu? the aerody- 
namic pressure, A the constant related 
to the cross section of snow flake, B 
the constant related to the volume, 7 
the radius of the snow flake. If the 
spherical snow flake is non permeable 
for air, A is equal to the ordinary 
drag coefficient: 0.5. When the snow 
flake has reached its terminal velocity 
of fall, its weigtht is balanced by the 
air drag force, 


| 


Fig. 8 Schematic aspect of snow 
flake. The snow flake receives a 
resistance as a whole, and individual 
crystals receive some resistance from 
air, too. 


+e 12 Amr?+Brrs)= fom (o—p)9 (2) 


where o is the density of snow flake, g the gravitational acceleration. From 
formula (2), we get 


i BC TE a 
S V 3p. A+tBr?° (3) 


In formula (3), it may be seen that in the range of small 7, u is proportional 
to the square root of 7, and for larger 7, « is almost independent of » 

For the fall velocities observed on 9 December 1950, the author examined 
the propriety of theoretical formula (3). Because the drag coefficient of a 
non permeable spherical body is considered to be 0.5, the author assumed that 
the value of A is 0.40 in the case of non rimed snow flakes; in other words, 
20 percent of the air which collided with the snow flake, passed through the 
snow flake. Further, o was estimated at 0.01 g cm-3. This estimation, the 
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author thinks, may not be too small. Such a light snow is observed in newly 
fallen snow. Later, the author observed a snow flake of density 0.007 gcm-3. 
For rimed snow flakes, the author estimated A at 0.45 and o at 0.03 g cm-3 
for reasons similar to those in the case of non rimed ones. The value of B 
may be determined by measurements. In this case, the author employed the 
mean fall velocities of snow flakes of tabulate and oblate types whose radii 
are 1cm; that is, for non rimed snow flakes, « =130cm sec-!, and for rimed 
ones, % = 185 cm sec-l. Using those observed values, the above mentioned 
] estimates, and theoretical formula (3), we obtain 

2 1 B=0.63 for non rimed snow flakes 

; B=0.69 for rimed snow flakes. 

Values above mentioned, are tabulated as follows. 


Table 1. 
= A o gcm-3 p gcm-3 r* cm u cm sec~1 B 
a Non rimed | 0.40 0.01 0.0013 .| 1 130 0.63 
Rimed 0.45 ~ 0.03 0.0013 1 185 0.60 


* 7: Half of maximum dimension. 


The B which represents the effect of the volume of a non rimed snowflake to 
its fall velocity, is larger than that for a rimed one as expected. Formula 
(3) is rewritten as follows. 
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For non rimed, #=1 2,/ 04040637 (4) 


i = gett scl Tice Binaty 5 
for rimed, u 194,/ 0154-0007 (5) 


The formulae (4) and (5) are represented in fig. 9 on the same type of plot 
used for fig. 7. For comparison, four curves of fall velocities for the observed 
snow flakes of tabulate and oblate types, and that of single snow crystals 
obtained by Nakaya’s observations,» are entered on fig. 9. It may be seen that 
the curves for spherical types (4), (5) lie in the middle of those for tabulate 
and oblate types over a wide range. Considering these results, it may be 
justified that the theory and estimates above mentioned were all suitable. 
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a4 Growth of snow flake 


It is ensideked that the cloud particles observed in the snow flake were 
collected after the formation of the snow flake; therefore, only non rimed 
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Fig. 9 Relstions between fall velocities and sizes of snow flakes of 
various types. 


‘snow crystals are concerned with the growth of the snow flake. The measure- 
ments and theory for the fall velocity of large snow flakes show that the 
fall velocity is independent of the size. Single snow crystals of dendritic form 
are also in the same case (see fig. 9). Considering these facts, the author 
proposes to explain the growth of a snow flake as the result of collisions with 
snow crystals owing to the difference of fall velocities between a flake and 
crystals, like the growth of a rain drop by collisions with cloud particles. 
The growth by mutual collisions of snow crystals as pointed out by Mason®, 
may be small as compared with the foregoing case, and the effect from the 
mutual collisions of snow flakes may also be negligible. 
If the snow crystals which collide with a snow flake, are always collected 
by the snow flake, then the volume that the flaké increased by the collision 
with crystals for the relative distance which the flake traveles compared to 
the crystal, is shown as follows, . 
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dV=anvsdl (6) 


where V = volume of snow flake 
a =collecting efficiency 
nm =space density of snow crystal 
(number of snow crystals in one cubic centimeter of air) 
v = increase of volume of snow flake due to collision with a snow 
crystal, in other words, volume occupied by a crystal within 
a snow flake. 
$s = cross section of snow flake. 
1 =relative distance which snow flake travels compared to crys- 
tal. If we assume that the snow flake is spherical, then we get 


= hk V i, wh = 3 97 
and 


dV=anvkVidl. (7) 


The author supposed that q@ is unity; in other words, snow crystals swept by 
the cross section of a snow flake while falling, are all collected by the snow 
flake. Integrating (7) from the origin of the formation of the snow flake, we 
obtain, assuming that 2 and V are invariant with height, 
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F 3 
V—Vo= ("3") 2, (8) 


where Vo is the volume of an initial snow flake which may be born by the 
accretion of two snow crystals of different types. Because Vo may be neglected 
for V in this case, the volume of a snow flake which travels a relative distance 
1 compared to snow crystals is shown as follows, 


Wome (9) 


The following is the practical example of formula (9) for the snow fall 
on 9 December 1951. 

a) Space density of snow crystals: ” 

The space density of snow crystals is calculated from the ratio of the ice 
water content of the space to the mass of a crystal. And ics water content 
is calculated from the ratio of the intensity of snow fall to the fall volocity. 
The mean intensity of snow fall of that time was 3.7mm per hour being 
expressed in water; in other words, 1.01x 10-4 gcm-2sec-!. The mean fall 
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velocity was abovt 160 cm sec-l, (see fig. 7). So the ice water content was 
estimated at 0.64gm-3. This value was estimated from the data observed 
on the ground, and may be somewhat different from that of the space in 
which the snow flakes grew. But, the author thinks, this uncertainty is not 
important. According to Nakaya’s measurements”, the mean weights of a 
snow crystal of the plane dendritic type and the spatial dendritic type were 
estimated at 0.°43 mg and 0.146mg respectively. So the space density was 
estimated at 1.49x10-2 cm-3 for the plane type and 0.44x 10-2 cm-3 for the 
Spatial type respectively. 


b) Incresae of the volume of a snow flake due to the accretion of a snow 
crystal: v 


It is considered that v is equal to the volume which is occupied by a snow 
crystal in a snow flake. Therefore, v is calculated from the ratio of the 
weight of an individual snow crystal to the density of a snow flake. It is 
unfortunate that the density of snow flakes was not directly observed. On 
the same reasoning as described in paragraph 3, density was at 0.01 g cm-3 . 
For the dendritic snow crystal of plane type and the spatial one, we get 
respectively 


v=4.3 x 10-3 cm3 , 1.46 x10-3 cm3. 


c) Relative distance which snow flake travels compared to crystal: Z 

The relative elapsed distance of snow flake to snow crystal is calculated 
from the difference between their fall velocities. As described in paragraph 
2, the distance which snow flakes traveled to the space, was 1300m, and the 
mean fall velocity of non rimed snow flake, plane dendritic crystal, and 
spatial dendritic crystal was respectively 130, 31, 57cm sec-l, (see fig. 9). 
The relative elapsed distance of a snow flake to the plane dendritic crystal is 
therefore 990m, and to the spatial type 730m. The values requisite to 
calculate the growth of snow flakes are tabulated in table 2. 


Table 2. 


Ice water -3| Mass of 


-3 -3 3 
content 8 Cm a crysta mcm ogcm v cm lm 


) ms 


1.49 x 10- 0.01 4.3x 10-3) 990 


| Dendritic crystal 
of plane type 0.64 


0.043 


Dendritic crystal 0.64 
of spatial type 。 


0.146 0.44x10-2| 001 |14.6x10-3 730 


Using the values in table 2 and formula (9), the mean volume and weight of 
the snow flakes observed on 9 December 1951 are calculated as follows. 
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Table 3. 
V cm3 D cm W mg d mm N 
Reece rare] se | am | ca. | Sao 
ea 8&8 fs = 4 


diameter of snow flake of spherical form 
: weight of snow flake 
diameter of equivqlent water drop 


ae 59 


number of snow crystals contained in a snow flake 


Although the size 3.2cm or 2.3cm calculated here, appears to be smaller 
than that observed of 4.5 cm, the former is the diameter of a snow flake of 
spherical form, and the latter is the maximum diameter of a non spherical 
form. Such snow flakes of several centimeters are, anyway, equivalent to 
sizeable rain drops; but it is a further problem whether the snow flakes 
change to rain drops of large size without separations, or separate once in 
the state of sleet before the formation of rain drops. 


25. Formation of graupel 


In our climate, graupeln are frequently observed, and they are almost all 
very similar to the cone form. It is generally accapted that the graupel is 
formed by the collisions with numerous super-cooled cloud particles, but the 
origin of the cone-like graupel is not - 
clearly known. The author noticed that 
the graupel looks a piece of rime, that | 
is, a deposit of frozen fog particles on | 
a solid object, and considered the origin | 

. 3 11 
of cone-like graupel, comparing it to 
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the ice accretion phenomenon. 
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ン 
In ice accretion, a small edge . con- 和み ) 
structed by frozen fog particles grows NS G ») 


frequently on the opposite side of gi Ne 4 

ward, and the cross section of the rime ae 

is of the fan type, as shown in fig. 10. 
If the solid object is a small’ point, Fig. 10 Rime on thin pole. 
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Fig. 11 Side views of graupeln. 


11-B peel 


11-A = x03 Side views of graupeln. 
Side view of a piece of rime 


photographed by Oguchi. 


11-C eal 11-D x5 
Side views of graupeln replicated by Sugaya. Side views of graupeln without top of cone. 
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Fig. 12 Falling state of graupel. 


12-A x2 12-B x2 122°C <2, 12-D x3 
A graupel accompanied A snow flake whose Graupeln, the top being Graupeln whose axes 
by a snow crystal. downside is somewhat kept upwards but ob- are rotating. 
rimed. liquely. 
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the rime grows to the cone type. Fig. 11-A shows a side view of rime which 
was torn off from a solid body, and figs. 11-B and 11-C are side views of 
graupeln. One may see the similarity between them. It is considered that 
the snow crystal of regular plane type falls keeping its plane horizontally by 
the aerodynamic force (see fig. 4-A), and the needle type, keeping its long 
axis horizontally ; while the graupel or snow flake of cone type falls keeping 
its axis obliquely. It is, however, not a simple problem whether the top of 
the cone is situated on the upperside or downside of the snow flake and 
graupel while it is falling. In the case of the snow flake, it is observed that 
the top of the snow flake is situated on the downside of the cone, as pointed 
out in a previous paper? or figs. 5-A and 5-B. It is considered that the top 
of the cone, that is, the downside of the snow flake, consists of heavier 
crystals. See fig. 5-B, figs. 12-A, 12-B. Fig. 12-A is a side view of a snow 
flake which consists of a graupel and a crystal. On the other hand, the 
graupel falls pointing the top upwards but keeping the axis obliquely. This 
state is seen in figs. 12-C and 12-D. The reason is considered to be as follows. 
From Nakaya and Terada’s measurement,» the larger the graupel is, the 
larger the fall velocity of graupel is. So, a graupel collides more strongly 
with cloud particles in the largely grown stage than in the early stage. The 
cloud particles colliding in the largely grown stage, are, therefore, more com- 
pactly packed than in the early stage. As the result, the part which grows 
newly, becomes heavier. The bottom of graupel is more dense than the top, 
as pointed out by Reynolds.” Considering these facts, it is understood that 
the graupel falls obliquely pointing the light top upwards and the heavy bot« 
tom downwards. ‘The rotation in the falling state would be due to the irregu- 
larity of cone form. 

About the origin of the graupel of cone type, Barkow®) and Imaill) gave, 
as the source, the rimed branches which separated from the snow crystal of 
plane dendritic form, and Nakaya and his celleagues® gave spatial dendritic 
snow crystals as the source. In our country, however, very small graupeln 
of the cone type as seen in fig. 13, are frequently observed. It is not believed 
that such small graupeln have grown from dendritic snow crystals. The 
author proposes that grapeln of the cone type resuit not only from dendritic 
crystals, but from small, perhaps irregular crystals which passed through a 
layer of super-cooled cloud particles, keeping a constant direction of fall. 
Snow crystals of the plane type will turn to thick plates; in other words 
graupeln of the cone type without the top, as shown in fig. 11-D. 

The rotation of graupel which occurs while it is falling may b2 a cause, 
as described in Czermak’s paper™ , and the mark of rotating motion of graupel 
is rarely observed as a spiral line at the bottom of a cone, as shown in fig. 
14. But the rotation would not be a necessary condition for the growth to 
cone type, for many small cones are observed on the same plane of an 
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Fig. 13 


Small graupeln of cone type. 1.5 
Several snow crystals of six petalled form are also seen. 


Fig. 14 


x 45 


View of the bottom side of cone-like graupel replicated by Sugaya. 
A spiral line is seen. 


Fig. 16 


Rimes of cone type attached to a solid body. 


36 C. Magono 


initially thick crystal as shown 


WA? PGA Y in fig. 15. Such cones are also 


Ce 


seen in ice accretion as shown in 
fig. 16. Rather, the author thinks 


plane of snow crystal that the rotation suggested by 
Fig. 15 Small cones attached to a plane the spiral line at the bottom of 
of a snow crystal of plane type. graupel is not the cause of the 


formation of a cone, but the 
result of irregularity of cone form as in the case of snow flakes. 


26. Angle of the top of cone-like graupel 


It is considered tnat the fan-shaped rime of ice accretion grows by the 
attachment of fog particles to the side of the rime as schematically shown in 
fig. 17-A. In the same manner as rime, the angle of cone-like graupel is 
considered. Assuming that frozen particles which are packed in a graupel are 
distributed homogeneously in cubic form, the angle of the cone may be 
calculated as follows. If the radius of a frozen particle is 7, the density p, 
the volume occupied by a particle within a graupel a3, then the mass con- 
tained in a? is expressed as follows, 


m= pa? = 09x <— 773, (10) 
where m=mass in a3, a=interval between individual particles. If a cloud 


particle attaches tangentially to a frozen particle at the side of graupel, as 
shown in fig. 17-B, we obtain from formula (10) 


tan-1 Gy: Le — 3 20p 
we a 37r 
Table 4. 
Angle of the top of cone-like graupel: 6 
Number of 9° 
Observer Place p gcm-3 observed obs. @° 
graupeln (mean value) ak 
Flogel _ — — 70-80 
Wegener — _ — about 90 
Nakaya etc. Mt. Tokachi 0.125 4 68 64 
Author Mt. Tokachi 0.125* 28 68 65 
” | Sapporo 0.125* tf 66 65 
% Kamakura (SB 16 81 83 


*: Density is assumed. 
**: Graupel was slightly wet when dens:ty was pisces 
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where @ =the angle of the top of the cone. It will be seen that the angle of 
graupel @ is the function of density p only and has no relation with the 
radius of the particle. In table 4, the angles of the cone-like graupel observed 
by various investigators are compared with the calculated values. 

It is yet difficult to discuss the author’s forgoing theory, because the data 
requisite for computation are too few, and the exact measurement of the 
density of graupel is not easy. 


/ \ 
| age es 
/ angle of \ 
/ 
a) cone \ 


/ ‘ hei 9 ht of 
/ NN graupel 
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A B 


Fig. 17-A, 17-B Angle of top of ccne like graupel. 


@7. Growth of graupel 


According to the considerations which have been stated in paragraphs 5 
and 6, the author tried to compute the attainable size of graupel. If cloud 
particles which come in contact with a graupel are all collected by the graupel, - 
the increase of volume of the graupel owing to the collisions with cloud 
particles, is shown as follows, 


dV=anvsadl, (12) 


where V=volume of graupel 
a =collecting efficiency 
n= space density of cloud particles (number of cloud 
particles in one cubic centimeter of air). 
v =increase of volume of graupel due to the collision 
with one cloud particle, (volume occupied by one 
frozen particle within a graupel), ? 
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s=area of the bottom of cone-like graupel 
l=relative distance which graupel travels compared 
to cloud particles. In this case, / is the thickness 
of super cooled cloud through which graupel passed. 
Although the bottom of the graupol is curved outward somewhat, assuming 
that the cone has a flat circular bottom, and that the angle of the top is 65° 
as described in table 4, formula (12) is altered as follows, 


dV=anvk' Vi dl, (13) 
where s=k'V2 yf PS 


Integrating (13) in the same manner as in the case of_snowflakes, we obtain 
the volume of a graupel which passed through a cloud of thickness /.as fol- 
lows, 


ef sapere BN 
bags yt (14) 


It is known that the collecting efficiency of a rain drop dopends upon the 
radius of the cloud particle and the rain drop, fall velocity of the rain drop, 
and Reynolds’ number. Concerning the collection efficiency of a graupel, 
however, no computation has been made. The author adopted, in this case, 
the collecting efficiency computed by Langmuir!) for a rain drop, for the 
form of the bottom of a graupel is approximate to a semisphere. By the use 
of Nakaya and Terada’s data, the author adopted respectively the following 
values to calculate the collecting efficiency, 

radius of cloud particle = 15 uw 

radius of the bottom of graupel = 1.5 mm 

fall velocity of graupel = 2m sec-1 

density of graupel = 0.125 gcm-3, 
and obtained as collecting efficiency, 


a =0.72 


According to Takano’s paper,™ in the air conditions in which ice accre- 
tion is often observed, the water content of the air is 0.1~lgm-3. The 
author, here, selected water content of 0.5g m-3 , and carried out the following 
computation 


water content 
n> —— = 320m-3 
mass of a cloud particle 
where is the space density of cloud particles, and the mass of a cloud 


particle is equal to 4/3 7 (0.0015)3g. The volume occupied by one particle is 
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obtained from formula (10) as follows, 


0.9 eae 


v= = > =1.1x 10-7 cm3 


As for the thickness of a cloud conformable to the growth of graupel: J, 
the author adopted 1000 m, concerning the lapserate of air temperature. The 
result of the volume of graupel computed by those data and formula (14) are 


presented in table 5. 


Table 5. . 


Size of graupel 


SY Volume Height 

! 3 3 g 

k a n cm v cm l cm of graupel cm3 of graupel mm 
2.3 OTD By) 1.11077 1x 105 ils 2.6 


When this graupel will melt, it will become a rain drop of diameter 1.2 mm. 

In this paper, the elements of physical conditions of the air, for instance, 
water content, space density, collecting efficiency, are assumed to be invariant 
with height, but it is not believed that these uncertainties in the computation 
are sufficient to invalidate the general conclusion presented above. However, 
the conclusion are not based completely on experimental foundations. The 
author thinks that the investigation of sleet, in other words, the state between 
rain drop and snow flake or graupel is a future important problem. 

Acknowledgement.—The author wishes to express his best thanks to Prof. 
U. Nakaya of Hokkaido University who directed this work. 
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Study on Lichtenberg’s Figures by Means 
of Color Films. (2nd Report). 


By 


Bunji ARAI 


1. Introduction 


Lichtenberg’s figures obtained on color films were showed striking differ- 
ences in color between color film and black and white film, as described in 
former reports.” According to the writer’s consideration the phenomena can 
be attributed to either of the following two assumptions. 

i) The color figures were records of lights themselves radiated from elec- 
trodes, sensitized as in ordinary color photographs. 

ii) The color figures were obtained as the result of each layer of color sensi- 
tive emulsion being excited by active electrically charged particles. 
Then, from the fact that the negative figure appeared cyan blue near the 
electrode and the tips of the figure turned out red tertial streaks the 
writer assumed as follows. 
1°) The figure recorded its changing color for energy variation. 
2°) At the tip of the streak only the red sensitive emulsion layer was 

excited. 

These experiments were proj2cted for solving these problems and for 
their sake, the writer noticed that the disposition of color sensitive emulsion 
layers on color films could be resorted to. The color film which appeared 
recently on the market in this country has blue, green and red layers from 
the top.D Refer Fig. 1-(a). If this color film is laid upside down, the order 
of color sensitive emulsion layers from the top is red, green and blue. Refer 
Fig. 1-(b). In this case the effects of the existence of the celluloid base may 
be considerd. But, results of experiments showed that it was eventually 
negligible. (The celluloid base of film is much thinner than the glass of dry 
plate, and when the film was used in the experiment in an inverted position, 
concentric rings of a secondary or inverted figure did not appear. Also, in 
this case the figures were very much like ordinary figures.) 

Now, if the assumptions i) and 1°) are correct, the Lichtenberg’s figure 
must show the same color whether or not the film is put upside down. If 
the figure shows different color according to the manner of placing, it will be 


‘reasonable to adopt the assumptions ii) and 2°). 
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Blue, Green, Red. Red, Green, Bule. 
(a) Ordinary position (6) Inverse position 
Fig. 1. Sectional view (magnified) and two cases of the manner of placing 
color films. 

No. Name Notation Range of sensitivity in > Thickness 
Protective gelatine film, ' 2p 
Blue sensitive emulsion, B. Em. 4000-5200 A 6 p 
Yellow filter layer, 2p 
Green sensitive emulsion, G. Em. 4800-€000 A 6u 
Red お ss R. Em. £600-6700 A 6p 
Antihalation Layer, : Qu 
Celluloid base, 0.018-0.020 cm 
Cylindrical electrode, CE. 

Plate Ny jl 


2. Experimental Apparatus and Method 
(1) Special camera and circuit. 

Two special cameras of the same 
construction and size were prepared by 
the writer by using an empty paper 
box of Agfa’s dry plate (size of carte- 
de-visite). See Fig. 2. The copper 
plate electrode was put in this paper 
box and the center of the plate (8.2cm x 
10.7 cm x0.1 cm) was screwed to a bolt 
(1/8"” $). This bolt passes through 
Fig. 2. Details of special camera the bottom of the box, the copper plate 
designed for this experiment. being fixed to the box with washer 
tee dove Sagi and nut from outside. As the anti- 
Isochrom dry plates. The notation plate electrode, a brass-cylinder of 
is the same as that for Figs. 2 and 6 0.7cm $ was used into which a copper 
of the former report.D wire of 0.2cm was screwed. For 
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the sake of perfect insulation the part of the paper box through which this 
electrode passed was almost removed and replaced with a bakelite plate 
(8.8cm x 12.1cm x0.26cm) fixed to the box with CEMEDINE ec. The copper 
wire of the electrode was screwed on and passed through the center of the 
bakelite plate and after the height of the electrode was adjusted by rotating 
this screw, it was fixed to the bakelite plate with a lock nut made also of 
bakelite (1.0 cm ¢x14cm). Another cover was added to give perfect closure 
from external light. The whole surface of these cameras were coated with 
bakelite varnish for keeping perfect insulation. 

For the application of the same crest voltage and the same wave form 
of impulse at the same time to the films set in these cameras, the connection 
was arranged as shown in Fig. 3. “To D.C. high tension source” leads to 


fo D.C. high-fension source. 


Cd 


Fig. 3. Schematic diagram of the impulse circuit. 


' —Connection to the special cameras— 
4 This notation is the same as that in Fig. 1. of the former report) But, R=Ri+Rz 
3 =1MQ x10. 


Gaiffe-Gallot et Pilon’s multiple rectifying apparatus.). 2 The notation is 
quite the same as in the preceding report.) 


(2) Method of experiment. = 
- It would be ideal that a film in which a blue sensitive emulsion layer and 


red one are exchanged should be prepared. But, as described above, the 
effects of the celluloid base being found negligible, the object was attained by 
only reversing the color film. A color film of cabinet size (12 en — 
was cut in two sheets of carte-de-visite size ( 8.1cm x10.6 cm) by cutting it 
with a combination of wood jig and paper cutter in absolute darkness. These 
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films were used respectively in each experiment at the same time. Then, 
these films were put in two special cameras, and a group of sensitive emulsion 
layers of one film was put in an upper position (named ordinary position.— 
Layer of emulsion surface contacting cylindrical electrode set in order of blue, 
green and red; celluloid base contacting plate-electrode, refer Fig. 1-(a) and 
and Fig. 3 (u)) and the other was put in inversely (named inverse position.— 
celluloid base contacting cyindrical. electrode; layers of emulsion contacting 
plate-electrode set in order of red, green and blue, see Fig. 1-(b) and Fig. 3 
(d)). The glass plate (window glass plate of 8.2 cm x 10.7 cm x0.30 cm size) 
was inserted between the color film and plate-electrode. The writer obtained 
enlarged and clear sharp figures by this opperation?) On the film surface 
(between the color film and cylindrical electrode) was covered with black 
paper (the cover of Agfa’s dry plates, and the paper is 0.099cm thick). This 
procedure kept the whole film surface from turning red which might have 
resulted from the effect of long wave length photon (X: 5600~6700 A) which 
radiated from the cylindrical electrode, and was used for easy analysis. The 
author knew these facts from former experiments.) Through the experiment, 
the sphere spark gap G; was used at constant (0.95cm; 25cm ¢ brass ball, 
give 3)KV peak 25°C, 760mm Hg.), and usually holding G, > Gy, state, the 
electric impulsive wave suppied by G,; was chopped by the sphere gap Ga. 
G, (2.0cm ¢ brass ball) gave a variable gap length. The experiment was 
tried on positive and negative figures with various crest voltages. Color film 
used for experiment is Fuji color cut film (tungsten type, non-halation, 
nitrate base, Em. No. NTC-122-3 and NTC-145-F). The development of these 
color films was submitted to the research laboratory of the Fuji Photo-Film 
Co. Ltd. 


3. Experimental Results and Discussion 


The experiment was tried on positive and negative figures by means of 
the ordinary position and the inverse position respectively. The crest voltages of 
impulses were about 11.5 KV, 210 KV, 25.0 KV. Now, describing as follows :— 
when applying impulsive voltage G,=0.95cm (39.0 KV), G2=0.60 cm (21.0 KV) 
state, on negative figures in ordinary position (u), pale blue straight canals 
appeared near the cylindrical electrode and a few red tertial streaks appeared 
at the far distant tips. In inverse position (d) clear red straight stalks ap- 
peared near the cylindrical electrode and blue tertial streaks appeared around 
them. Also, on positive figures streamers showed almost the same tendency 
as at negative figures, but yet they are obscure. In the ordinary position, 
the form and color of the figure spread in sharp dendritic blue streamers 
around the cylindrical electrode, and red unsharp dendritic streamers extend 
along the sharp streamers outside. Here, the very characteristic coronet in 
the positive figure was pale cyan blue, being rather white near the electrode, 
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and tertial spots of maganta-violet were included in the various places in the 
coronet, In the inverse position, the coronets were strongly red in over 
whelming majority, and they showed a similar tendency to that of the 
negative figure. In this case, some dendritic streamers in the positive figure 
were not all blue at the tips, but a part of the streamers extended to the 
tips in red. It is difficult to solve now, whether the problems in this part 
came from the effects of the celluloid base, or from the effects of variation 
of electric conductivity by pigments included in each color sensitive emulsion 
layer. It was thought that the dendritic streamers and coronets of the 
positive figures were very complicated phenomena® compared with the straight 
tertial streaks of the negative figures. But, the fact showed a tendency to 
provide actual proofs for the assumptions of ii) and 2°) in the above descrip- 
tion. 

Next, the result of higher crest voltage (applying about 25KV) will be 
described. Compared with the foregoing experiment, the negative and the 
positive figures appeared to be enlarged in similar forms, and to be more 
colorful. Also, it seemed to give actual proofs for cases ii), 2°). The result 
of comparatively lower crest voltage (applying about 11.5 KV), both figures 
shrank in size. In the ordinary position, the straight canals of the negative 
figure appeared only cyan blue, and no red tips were obserbed. This show 
the fact that the excitation did not reach the under deep layer. In the 
inverse position appeared a few red streaks near the cylindrical electrode and 
a blue halo rounded them. In positive figures the colors appeared almost simi- 
lar to those in the case of 2LKV. For actual proofs, color figures photographed 
by color films are shown in Fig. 4—11.. Then, green did not appear clearly, 
and the whole color film surface looked dark olive green for NTC-122-3 and 
dark violet for NTC-145-F; this may be charateristic of this color film, which 
naturally should be black. 

Considering the questions described in the introduction, the writer believes 
that the experiments provide proof for theory ii) rather than theory i) and 
they also seem to prove 2°). 

This report is a summary of the lecture made at the Special Meeting on 
Discharge Physics, held cooperatively by the Physical Society of Japan and 
the Institute of Electrical Engineers of Japan, Nov. 2. 1952. 

In conclusion, the writer wishes to express his hearty thanks to Dr. 
U. Naxaya, Dr. C. Macono, Dr. T. Asauina (National Science Museum) and 
Dr. S. Fuyisawa (Director of Fuji Photo. Film Research Laboratory) who 
made suggestions to him throughout this work. The writer is also indebted 
to Mr. T. Oxo (Tokyo Sibaura Electric Worss Co. Ltd.) for his supply of 


materials etc. in this research. 
Sep., 27. 1952. 
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Fig. 4-11. Lichtenberg’s figures for color film were obtained in these experiments. 
They are prepared from color prints through color films. 


Fig. No. . Polarity Applied voltage Position (the manner of placing) Date 

4 + 21(KV) (a) —(u) Aug., 18. 1952. 
5 + ” (b)——(d) ” 
6 - ” (a)——(u) ~ ” 
7 ~ ” (b) —(d) a ” 
8 + 25(KV) (a) ——(u) Sep., 4. 1952. 
9 + ” (b) —(d) Tae 

10 - ” (a)——(u) > ” 

11 ~ ” (b)——(d) ” 

Date ; Aug., 18. 1952. Sep., 4. 1952. 

Time 10h 56m-12h 20m llh 05m-llh 45m 

Weathe Half fine : Fine 

Room Temp. (°C) 28.3-29.0° 30.6-31.0 

Atm. Press. (mmHg) 760.7-760.2 759.8-759.1 

Humidity (%) 77-67 62-63 


Color film used for this experiment is Fuji Color cut Film (tungsten type, non- *e 


halation, nitrate base, Em. No. NTC-122-3). ~ 


B. Aral: 
Sec. I. Plate 


Photo. by B. ARAI 
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Real Paths of Meteors Observed in August 1952. 
By 


Sigeru KANDA 


Abstract 


From the visual observations of meteors made by more than 17 observ- 
ers in Kanto and its neighbouring districts, on the nights of Aughust 13 
and 14 1952, real paths of 24 meteors have been determined. 


1952 年 8 JU WON wv & 7 AREER OR ENC FRONDS YO, 流星 の 一 般 
観測 に は 不 向 と 思わ れ た の で , PAU KOTHRBS RSL eERAMLE UT, 
光度 の 比較 的 明る い 流 星 の 経路 を な る ペ く 精細 に 記 鉄 する こと に 努め る よう ぅ な 方 針 で , 
横浜 国立 大 学 学芸 学部 地学 科 並 に 気象 部 学生 を 中 心 と し , 草 奈 川 地学 会 々 員 , ARIE 
下 高 等 学校 地学 部 員 , 並 に 関東 地方 , 静岡 県 , 新潟 県 等 に お ける 日 本 天文 研究 会 々 員 等 
の 協力 を 得 て , 8 月 12~15 日 1~3 時 日 本 標準 時 を 同時 観測 の 協定 時 間 と し , その 前 後 
に 適当 に 観測 を 行 つ た 。 その頃 の 夜間 の 天候 は 概して よく な か つた 上 , 本 年 の マル セッ ウ 
ALEVE HIRO 程度 は や や 低調 で あぁ あつ た と 思わ れる に 拘ら 5 ず , 24 個 の 流星 の 実 経路 
を 決め ある こと が で きた 。 こ れ は 日 本 で は 始め て の 大 量 の 収穫 で あつ た 。 

日 本 で 流星 の 実 経路 を 始め て 決め た の は 1920 年 12 月 9 日 長野 県 填 科 郡 の 中 沢登 
FOL CRRA) の 観測 か ら 求 め た 双子 座 流 星 笑 の 一 徴 光 星 で あぁ つた (天文 月 報 14, 
2, 1921)。 そ の 翌年 に は 1 月 8 日 ,8 月 9 日 の 2 個 を 捕え (天文 月 報 15,2,1922), 
その 後 の 分 は 天文 月 報 又は 日 本 天文 学会 要 報 に 発表 され て いる 。 最近 十 数 年 間 は 流星 の 
実 経路 を 算定 し た も の は 板 め て 少 い 。 1 年 間 に 最 も 大 量 の 結果 を 得 た の は , 1934 年 8 月 
ペル セ ウ ス 座 流星 笑 の と き で , 8 月 12~14 日 の 3 夜 に 20 個 の 流星 の 実 経路 を 決定 し 
た と き で あつ た (HMERK, 日 本 天文 学会 要 報 4 3, 1935), 今回 は それ より 多い 。 

第 1 事 は 実 経路 を 決定 し た 流 足 の 観測 者 を 表 に し た も ゃ ので, 16 Hike 1 BAK GR 
京都 立 九 段 高等 学校 生徒 で , BUHL (A 13 個所 で 西方 か 5 経度 順に 配列 し た 。 路 符 , 
観測 者 名 , 観測 地名 , 経度 及び 緯度 を 示し た も の で ある 。 以 上 の 中 , 鎌倉 市 の 小林 , 小 
Hh, 及び 静岡 県 熱海 市 の 荒川 , WLAN, 今 瀬 の 5 氏 は 横浜 国立 大 学 学生 で , 熱海 市 の 3 名 
は 特に この 流 性 観測 の 目的 を 以 て , 同 地 に 出張 し た も の で ある 。 以上 の 他 に 8 月 中 旬 
の 流 性 観測 の 結果 を 報告 され た 方 が あつ た が , 実 経路 の 決定 に 関係 の な か つた も の は こ 
ae は 省 い た 。 


48 前 田 
策 1 表 
Abbr. Observer Observed place L(E) ?(N) 
Be 紅林 良治 (CR. Benibayashi) pa ° / ° / 
TR } ae 岡 県 金谷 町 138° 8/7 34° 48/6 
Mm #f tli @ = (CY. Murayama) 新潟 県 中 郷 村 1388 140 36 592 
Ab 阿部 貞夫 (S.Abe) 新潟 県 和央 市 138 32.4 37%" 216 
Ar ‘¥é JI] 4 #0 (H.Arakawa) 
Ho i x a CH. Hokari) hs MUL @AMETH HR 139 47 35 84 
Im 4 it ff! — (CN. Imase) 
. 140 mb UR 60189 。 9535 14.8 
Kd wt Hit (S. Kanda) (59 Bama 9 48 se ea 
ts Se ae cs S faa | ih 68 J AS 1399 95 35 148 
Sn HE 3} & B CY. Shono) MAIR ABMy 139 18 35 18 
f < 2 ー Wy Koo | ih 3 1 ah Ae a 139 336 35 193 
Kr ss) B § — +(K. Kodaira) 宰 奈 川 県 川崎 市 139 37.5 35 33.6 
Sk = @ = Hf (S. Sakamaki) RRMBARE 139 411 35 398 
Sz 56 WE = CJ. Senzaki) SEMA ARMS 139 446 35 586 
cae oe Students of Kudan 
K 丸 段 高校 生 (Tee nd Schoo!) FRVRRIRAT 140 157 35 79 
第 2 表 
No. 1952 J.S.T. Obs. Wt. Dur. Mag. Vel. Col. Wn Ending" “Rem. 
ta. 3) Ae" eee OSes 754295 T 
n a é a A 
1 Aug. 13 23h 58m|{ Kt, 4 07 O rR Y 454445 359437 T 
In — — — — — 4554576 464588 (photogr.) 
2 ae ee ae Pas 4 08 こす M W 39462 32473 T 038 
parr {Ka foal ee aaa eer 
Sn 2 05 0 R W 338467 313461 
5 100 {Mm 4 10 0 R R 3454435 284385 T 30s 
Ab -§ 1-1 R RY 135433 454195 ° T 
; i {Xb 4 03 4 R W 126+74 1374745 
S lt — 3 R =) 3404685 3204645 
‘ i ee {Be 2 05 0 M BW 333+795 282+78 
Ab .3,.—. 1. RW 338-165 336-96 
3 coer {In 3.03, 2. PR (O e596s 80+63.5 
Ko 3 08 1 +R W  484+725 504825 
> ps {Be 3 03 3 M BW. 68447 74440 
Hoy 4-06 .2. S WB ig+55 12+54 TT 
- Be 3 03 -2 rS BW 236480 100486 
9 2°. tape gg TNS -oRy ogagelare © gag gh deh 
Ik 4 15 0 M 8B 3025435 308426 T 
jo 99 {Be 3 03. 3. S .BW. 75453 86+52 
Ko 2 10 1 R YW 104675 355+70 
In 3 03 2 vR W 79468 105+655 T 
Ta 5 05 2 M Y_ 92449 99446 
12 2 30 1Ar 4 06 1 M WB 40+69 63472 
Kb 3 05 3 wR — 35478 105479 
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No. 1952 JST. Obs. Wt. Dur. Mag. Vel. Col. Beginning Ending p, 
a oO 
Ss m © fe} fo) oO 
Tag) 0230 M Ci 78456 
13 Aug.14 2h 38mjSn 4 04 .1 vR BW 8+60 349458 T O1s 
Ko 2° 12 (1: 1S  W 346462" “326451 
Bel 3-03. S29 MM) BO 75496. 7axoe— T2008 
Kd 3. 0.5.0 See ee Bag 0 gg 97s epee 
‘i nA Clee Rew OVE) b6tAG ibys pls 
Sa 3-10. <3) oM © Yo 489u7 > 57497. T 308 
Kb 3-11 0 R BW 555440 564275 T 
K 4 O07 «1 +S WY 358457 340452 T 
In 35705 !2. cR © . 86251. ‘e6426 
15 2 44 ie 5 060 oes 16+55 1+50 
ne es {In 3.03. 2° R “Y “fosse55 108-cr4 
Kb, 5 05 °25 M — S10488 245-96 
. on {Im 8210 13° M Yw 95465 975246 
K 3 04 3 +S WY 331481 350480 
bea 2 08 <SM B B1427 ‘Hzso0 
18 25 C0 RWC 48-428 * “46418 
Ko 3 12 1-R W 4054275 405+19 
Kb 3°12 35 S W 190481 160377 
19 ae 1S 2 06 1 R W 285469  317+83 
rie {Sk 1 03 -0 rR W 59423 78426 
2 Cuno 66) en een es SIs + 4 
Kien 6S: fi 2 1-22 FF 7pe0- “ose 708 
; pigs 8.007 1 (RD 0 + = 105471 
2 Kil 0 5 Ro OW 33+80 40+86 
Ske 3 03 0 sR W ~ 27468 246475. T 03s 
te {In Shoe Ay) SRE Oo S4605 3424650 7. 
22 Sk 2 02 1 °R W 334433 — 324419 
hee Si 060 Ray ge 30+59.5 2454575 T 
23 eet {Ke 5 01 1 rR WO  16+41 8+34 
intice 0551 -R- 0 72+65 95468 
24 3 17 {x 5 02 -2 tR WO ° 39+61 20467 T O2s 
Se 3 04 0 rR BW — 27+58 4+58 T 03s 


第 2 表 は 実 経路 を 決定 し た 24 個 の 流量 の 各 観 測 者 の 観測 で ある 。Wt. は 観測 の 
重み で 1~5 の 5 階級 に よる 。Dur. は 継続 時 間 , Mag. は 光度 , Vel. (LBETED DO 
方 か 6 vS, S, rS, M, rR, R, vR, の 7 階級 に よる 。 色 は O EB, Y は 黄 , W Ge, 
R (tok, B SF CHS. Biginning は 流星 の 出現 点 , Ending は 消滅 点 で , ARE a, 赤 
2 8 を 以 て 示し た 。 本 は 痕 の あぁ つた こと を 示し , 附 記 し た 数 字 は 症 の 残 つ た 時間 で あ 
る 。 

観測 の 殆ど 大 部 分 は 実 静観 測 に よる も の で あり , 観測 者 中 の 数 名 は 余り 流 性 観測 
の 経験 を も つて いな か つた も の も ある の で , ある 流星 の 場合 に は 観測 の 誤差 の 相当 大 き 
いも の が ある か も 知れ な い 。 

第 2 表 の 中 No. 2 の 一 方 は 小田 原市 幸 町 城内 高等 学校 で 井上 義光 氏 拓 影 の 写 眞 に 
よる も の で ある 。 ヵ メラ の レン ズ は 焦点 距離 130 mm, F 4.5, フィ ルム は 富士 スー ペー 
ペン クロ フィ ルム , 第 1 図 の 写 眞 は 約 2 倍 に 拡大 し た も の で , BMS 13H 23h 2~3m 
か ら 14 日 3h 1m まで 約 4 時間 軍 続 撮影 し た も の で ある 。 恒星 の 経路 の 中 断 さ れ て い 
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ZLOPSSOLEOKH CHS. BLM HT EMM CHE CHOEKD, 出 
現 点 及び 消滅 点 の 赤 経 は 0.°3 程度 この た め に 不 確 で ある 。 
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この 流星 は 小田 原 の 観 測 者 の 休 知 中 に 現われ た が , 鎌倉 の 小林 氏 の 観測 に より , 出 
現 の 時 麟 を 知る こと が で きた 。 ペル セ ャ ウス 座 の 輸 射 点 の 近く を 北方 へ 飛 ん だ も ゃ も の で あぁ 
0, 流 必 の 左上 方 の 星 の 条 は e Cas, 上 方 の も の が 8 Cas, 流星 の 右側 の 明る い 2 条 は 
y Per 及び a Per の も の で ある 。 第 2 図 は 同 流 星 の 症 の 変化 を 小林 氏 の 写生 し た も の 
で る を るる 。 

第 3 表 は 第 2 表 の 観測 か ら 決 定 し た 各 流 星 の 実 経路 で , 出現 点 及 び 消 滅 点 の 経度 , 
緯度 及び 地上 の 高き ( 耳 ), 経路 の 長き さ (① 100 km より 見 た 場合 の 標準 等 級 Cm), 四 
射 点 の 赤 経 , 赤 紀 並 に 最後 に 所 属す る 流 性 群 を 示し た 。 m RGAE UE MLO SE WIS 
い 部 分 の 等 級 , 4 BMAD CRESS CORE (km) と すれ ば , 標準 等 級 mo は 

mo=m—5 log ao な る 式 で 計算 さき れる 。 

計算 法 は すべ て 図式 法 に こ にょ つた 。 BML MARKO DARE, see EGE, 
方 位 角 に 換算 する に は , TREK VESPA RD, KIAMA Wolf の ネッ ト と 称し 
て 用 いら れ て いる 図 を 利用 し た 。 直径 20 cm の 円 内 に 経緯 線 を 2° 毎 に 平射 投影 法 に 
ょ つて 描か れ た も の を 用 いた 。 要する に 天文 三 角形 を この 図 に よ ょ つて 解い た も の で ああ 
Bo (天文 姓 報 22, 6, 1929)。 読取 り は 大 体 0.°5 まで 求め た 。 


: 1 
高度 , 方 位 角 を 求め た 後 は 1000000 の 地図 を 用 い 図 解法 に よ ょ つて , 出現 点 及 び 消 減 


点 の 位置 及び 地上 の 高 さ を 決定 し た 。 一 般 に 消滅 点 の 方 が 観測 の 精度 が よい の で , 先ず 
消滅 点 の 位置 を 決定 し , 各 観 測 者 の 観測 高度 か ら 各 々 地上 の 高 さ を 決定 し , t OPE 
求め た 。 第 3 表 の 消 減点 の H OWA rt + の 値 は 下 均 値 と 各 観 油 者 の 観測 か ら も 求め 
た 値 と の 差 の 統 対 値 の 平均 で これ は 経路 の 精度 を 示す 一 つの 標準 と し て 記し た 。 

輌 射 点 を 決定 する に は 一 般 に 観測 用 星図 の 上 で 求め た 。 経路 が 平行 に 近い 場合 。 叉 
は 観測 が よく な い 場 合 に は , 従来 知ら れ て いる 較 射 点 の 位置 を 参考 と し て 決定 した 場合 
も ある 。 皿 射 点 が 決ま れ ば 流星 が 進行 する 方 向 の 高度 と 方 位 角 と が 和 制 る か も , これ と 消 
減点 の 位置 か ら 流 時 の 経路 の 位置 が き を まり; 続い て 発光 点 や 経路 の 長 さ が 求め ら °: 


No. 1952  U.T. 


hm 

1 Aug 13 14 58 

2 15 12 

3 16 19 

4 16 37 

5 17 4 

6 17 6 

“i 17 10 

8 17 10 

9 17 23 

10 1720 
11 17 30 
12 17 30 
13 17 38 
14 17 40 
15 " 17 44 
16 17 54 
17 17 54 
18 17 59 
19 14 16 54 
20 cee! 
21 17 14 
22 17 45 
23 17 51 
24 18 17 


経路 の 大 部 分 は 関東 地方 の 上 泰 に 現われ た も の で ある が , No. 


1952 年 8 月 間 測 の 流星 の 実 経路 


Beginning 


L(E) 


140° 20/ 


140 
139 
139 
140 
E37, 
139 
139 
137 
139 
140 
139 
139 
140 
140 
139 
140 
140 
139 
141 
139 
139 
139 
139 


38 


22 


9(N) 
35° 43/ 


36 
35 
Bil 
36 
36 
35 
35 
36 
36 
36 
35 
36 
35 
35 
36 
36 


28 
if 


H 
km 
134 


eS 


139 
139 
138 
139 
137 
139 
139 
138 
139 
140 
139 
139 
139 
140 
139 
149 
140 
139 
140 
i 

139 
139 
139 


57 


Ending 
———_——. 
LCE) H 


139° 53/ 


9(N) 


35° 18/ 


36 
35 
37 
36 
35 
35 
35 
35 
35 
36 
35 
35 
35 
35 
36 
35 
35 
36 
35 
36 
35 
35 
35 


mo 


km km m 


wink) afi! 
83+4 101 
SE 39 
87+2 56 
4640 42 
80+3 83 
6442 55 
60+7 37 
78+6 97 
103+5 31 
112+9 68 
61+1 49 
9342 67 
(LEO. 66 
(32205 36 
So Ls 
67+3 43 
98+5 36 
63 土 1 53 
72 土 5 46 
67 土 6 74 
65+0 42 
110+8 50 
64+5 81 


—0.5 
—3.0 
Spits 
oh 
FD 
= 
pk 
+2.5 
= ドド 5 


oO 
= 


R.P. 
Rems 


a 6 
fo} ° 

48+57 Per 
42+52 
46+59 7 
50+53 
55+55 
20+65 Cas 
46+59 Per 
50+59 7 
250+60 Dra 
41+50 Per 
354-09 Sif 
19+60 Cas 
30+65 
53+60 Per 
55+57 1 
38+58 I 
315+81 Dra 
41+58 Per 
284+67 Dra 
59+53 Per 
49+56 I 
35+63 Cas 
55+60 Per 
49+55 1” 


4 は 新潟 県 中 部 , No. 


6 と No. 9 は 長野 県 南部 , No. 22 は 山村 県 東部 の 上 府 に 現われ た も の で ある 。 

24 個 の 中 17 個 は ペル ャ ウス 座 群 , 4 個 は ヵ ぁゃ シ オペ ィ アプ 座 を 四 射 点 と する も の , 3 個 
は りり ゆめ ぅ 座 を 還 射 点 と する も の で , 各 療 別に 出現 点 及 び 消 滅 点 の 地上 の 高 さ , 経路 の 長 
さ , 罰 射 点 の 位置 を 平均 すれ ば 次 の 通り で ある 。 


Perseid 
Cassiopeid 
o Draconid 


BAR 
N H (beginning) H (ending) 
km km 
116 75 
130 65 
99 62 


1 mo 
km m 
54 +0.6 
60 +0.6 
69 +0.6 


a 


a 


te) 


47° +56° 
26 +63 
283 +69 


HELLO LEKORS LO ORD GOH SSHCH SH, 慈 続 時 間 の 正 
TEBBUDH LCE DEEL THER TH OD 6, eee ey ee ee a 


52 mp =A Fa 


か つた 。 上 記 の 3 群 に つい て て 速度 の 平均 を 求め あれ ば , Per # 87km/sec, Cas # 97 
km/sec, Dra #f 45 km/sec と な つた 。Per 衝 の 理論 値 は 62 km/sec で ある か ら , か 
な り 大 きす ぎる 。 これから 制 断 すれ ば Cas Hidte WHI <, Dra HAS Ou 
の も の で ある ろ る うぅ か 。 Dra 群 は 理科 年 表 に 8 月 21~25 8, BHA & 291°, 6+60°, o 
Dra #Y, 絵 と 記さ れ て いる も の に 相当 する と 思わ れる 。 Cas FHI Denning の General 
Catalogue (Mem. Royal Astr. Soc. Vol. 53, 1899) に 8 Cassiopeid と し て ある 流 
ALBETC BA 35 。 

No. 22 及び No. 24 の 2 個 は 東京 三 座 及び 川崎 で の 写 眞 観測 が ある 由 で ある か ら , 
それ に よれ ば 一 礎 正 確 な 経路 が 得 ら れる は す で あ る 。 

WALD 観測 は 近年 写 眞 や レー ダー 観測 に ょ つて 著しく 精度 を 増し て いる 。 し か し 
日本 で は 現在 まだ レ レー ダー に する 観測 は 行わ れ て お ら ず , 写 息 観 測 は 東京 天 廊 台 で 行わ 
れ て いる が , その 成果 の 発表 され て いる も の は 極め て 少 い 。 又 海外 で も 近年 は 実 経路 の 
決定 発表 され て いる も の は 少 い よう で ある 。 流星 観測 研究 の 現状 か CAT, 誤差 が 大 き 
いか ら と いつ て , 流 足 の 実 品 観測 が 価値 が な いと は いえ を な い 。 流星 の 実現 観測 に 対す る 
熟練 者 が 観測 に 一 麻 就 達し , 又 で きれ ば 写 眞 観測 を 併用 し て , 今後 も 流星 の 実 経路 の 決 
定 を 試み , 一 訂正 確 な 結果 の 得 ら れる よう に 努め た な ら ば , 流星 天文 学 の 上 に 寄与 し うぅ 
る も の が ある と 思い , ここ に 本 年 夏 の 流 足 観測 か ら 得 た 結果 の 一 端 を 報告 する 区 第 で あ 
る 。 こ の 調査 の 一 部 は 文部 省 自 然 科 学研 究 費 に よ ょ つて な され た も の で ある 。 
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